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Wind measurements in the lower 
troposphere
Observed with high-resolution sensors (like an ultrasonic anemometer, 
shown on left), wind components and temperature reveal strong 
fluctuations:

(Data from SHAKEUP station of Cinisello Balsamo Parco Nord, 2016-06-20 12:00 to 13:00.)
These fluctuations are commonly attributed to “turbulence”.

The Reynolds Decomposition
In a famous series of experiments, the fluid-dynamicist
Osborne Reynolds (1842-1912) formulated the 
decomposition principle named after him: a quantity 𝑥 𝑡
measured at a point within a fluid can be expressed as

𝑥 𝑡 = �̅� 𝑡 + 𝑥′ 𝑡
where 𝑡 is Yme, �̅� 𝑡 is the mean part, and 𝑥′ 𝑡 the 
fluctua,on.

Moreover, the mean part �̅� 𝑡 is defined as the ensemble average of a suitably large set of 
experiment replicas:
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Properties of ensemble averages and Reynolds
“postulates”

The ensemble average is the arithmetic mean in a function space Q. And in particular is an 
arithmetic mean: as such, it fulfills some properties which are quite simple to demonstrate:

1) If 𝛼, 𝛽 ∈ ℝ, 𝑥, 𝑦 ∈ 𝑄, then 𝛼𝑥 + 𝛽𝑦 = 𝛼�̅� + 𝛽1𝑦 (mean is a linear operator on 𝑄)
2) If x ∈ 𝑄, then ̅�̅� = �̅� (mean is “involutory”)
3) If 𝑥, 𝑦 ∈ 𝑄, then 𝑥 1𝑦 = �̅�𝑦 = �̅� 1𝑦 (sorry, don’t know a name for this J)

Among physicists, the basic properties of the «mean» are known in a slightly rephrased form as 
Reynolds postulates.

Properties 1) and 3) are unchanged, but 2) is presented in a more practical form:

3𝑥% = 0

You may derive it from 1) and 2), if you wish.

Outside professor Reynolds’ lab…
Boundary layer meteorology occurs in Nature, not within a laboratory. In 
Nature we cannot set replicas of experiments. And, we can not rely on 
ensemble averages.

However, empirical observations (the first by Leonardo da Vinci himself) 
suggest some form of superposition of a «mean» and «turbulence» also
occurs there. OK, but, which mean?

A possible, sensible way is to use properties 1), 2) and 3) as criteria for checking an operator 
̅5: 𝑄 → 𝑄 can be used as an alternate definition of «mean».

En passant we may notice properties 1), 2) and 3) do not form a complete system of axioms: they
do not define one mean, but infinitely many.

Mean? Which mean?
Kaimal & Finnigan’s block average satisfies proterties 1) to 3): it’s a mean!

Interestingly, the once-popular McMillen order-1 autoregressive filter is not a 
mean: it violates property 2!

And what about Fourier-transforming, then forcing to 0 all spectral components
larger than a given frequency, and back-transforming? It’s a linear operation
after all…

The importance of being Mean
Properties 1) to 3) ensure the possibility to perform the formal manipulations
needed when deriving mean variables equations.

A noteworthy example is RANS, or Reynolds Averaged Navier-Stokes equations, 
which are basic to micro-meteorology: if any of 1), 2) and 3) is violated by our
«mean», then we can’t get proper RANS from the usual NS…

Mean as a Projection Operator
Any mean satisfying properties 1), 2) and 3) is not just an operator mapping 𝑄
into 𝑄, but in particular into 𝑄&, a proper subspace of 𝑄. The mean is then a 
projection operator.

Different means map 𝑄 into different subspaces. As the intersection of 
subspaces is itself a subspace an interesting investigation line arises. 

Example RANS derivaIon under Reynolds “axioms”
First of all, why RANS? The flow of a fluid (and the atmosphere) are described by Navier-Stokes equaYons, whose soluYons 
include all the many facets of flow, turbulence included. In pracYcal meteorological and dispersion modeling, this is really too
much: we would just content ourselves with simplified equaYons describing the mean flow, and treat turbulence as a «subgrid» 
phenomenon using appropriate parameterizaYons. A way to get these equaYons is by applying Reynolds averaging to the NS 
equaYons, on Reynolds-decomposed quanYYes. Let’s proceed for example with the verYcal component NS equaYon in a 
Cartesian frame:
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where 𝑢, 𝑣, 𝑤 are the wind 𝑥, 𝑦, 𝑧 components, 𝑡 is Yme, 𝑔 is the gravitaYon constant, 𝜌 air density, 𝑝 the air pressure, and 𝜈 a 
diffusion term. We first Reynolds-average both sides using a ”mean” fulfilling properYes 1), 2) ad 3):
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By linearity, 1), we may then write
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and then (amer some passages involving 2), 3), Reynolds averaging of derivaYves and some harmless physical assumpYons):
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The last term, #
(
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, is the nasty one. Air density appears with its reciprocal, for which we have no Reynolds-manipulaYon rule. 

To simplify it, we must resort to Boussinesq approximaYon. This way we may set #(
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equaYon for mean wind verYcal component, of covariance terms like ).%/%)0 : to “solve” RANS, we must know (or assume) 
something about the turbulent fluctuaYons.

Some consequences (immediate and not so 
much)
What about 𝑥 5 𝑦? This is easy:
𝑥 5 𝑦 = �̅� + 𝑥′ 1𝑦 + 𝑦′ = �̅� 1𝑦 + 𝑥′1𝑦 + �̅�𝑦% + 𝑥%𝑦′ = �̅� 1𝑦 + 𝑥′1𝑦 + �̅�𝑦% + 𝑥%𝑦′ =

= �̅� 1𝑦 + 3𝑥′1𝑦 + �̅� 3𝑦′ + 𝑥%𝑦% = �̅� 1𝑦 + 01𝑦 + �̅�0 + 𝑥%𝑦% = �̅� 1𝑦 + 𝑥%𝑦%

Quite more delicate is the case of
𝜕𝑓
𝜕𝑥

which is commonly rewritten as
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This passage may seem intuitively sound as )1)0 = lim
2→4
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linear operation involving 𝑓. But here is an assumption, namely that 𝑓 is 
differentiable: could this be true?

If we look at graphs of wind components, the doubt arises we are looking to the 
manifestation of some fractal-like phenomenon: If so, could we speak 
lightheartedly of differentiability? But. Air is a viscous fluid. The fluctuations may 
be described as the superposing effect of “vortices” at many scales. Yet, there will 
be some of these scale (centimetric? millimetric?) at which the vortices will be 
suppressed by viscosity and turned to heat. In other terms, if we sample a 
turbulent signal fast enough, we should see some regularity into it. So, any 
turbulent signal must be differentiable, so Reynolds averaging of derivatives is 
acceptable. Notice this property is not built into the Reynolds averaging rules.

Troubles (of course!)
No lab equal, we’ve just seen, no ensemble averaging. But if we elect some other
«average» satisfying 1), 2) and 3) , who says what is «turbulence» and what is
not? 

A choice is up to us users: the time scale of turbulence.

That is, in case of block averaging, the averaging time. Common practice
converged towards 1 hour, 30 minutes, or even 10 minutes. But the choice is
arbitrary, at least to some extent.

Adaptiveness?
The practical application of Reynolds decomposition demands we choose a 
proper, hopefully sensible averaging time, or scale.

This choice, we’ve seen, is however arbitrary, and extant conventions and 
habits do not change a millimeter of this fact.

One of the most practiced application of Reynolds decomposition is preparing 
anemometer and thermometer readings for eddy covariance (see for example 
poster PO-55). In its common implementation, it is characterized by a fixed
averaging time. A long users’ dream is for an adaptive averaging time, maybe decided given the (possible) position of the 
“spectral gain” in frequency domain, or some variance- or stationarity-based indicator in a multi-resolution analysis.

Could it really be implemented? May be so. For sure, it would not detract from Reynolds decomposition in itself: it would be a 
”better” application of the decomposition. Nothing really revolutionary.

Need for a semantically-driven decomposition?
That on left is a quite paradigmatic example of temperature evolution over a short time. 
I say “paradigmatic”, because of the high number of ramps we can see in the signal. 
Ramps are a common feature of temperature under free convection and are interpreted 
as the manifestation of local warming episodes leading to the formation of small 
thermal plumes. When plumes eventually lift and detach from the ground, cooler air 
replaces them, and a sudden drop of temperature can be seen.

Ramps are but one example of coherent structures: in Nature the irregularity of
turbulent fluctuations is not always so irregular, after all. Now: does turbulence include ramps and other coherent structures, 
or not? Seeking an answer reveals a tricky point: whatever line we may chose, it is qualitatively different from the usual 
implementation frame of Reynolds decomposition. We don’t ask for what time scale is most appropriate, but which 
phenomena are. Nevertheless, we can still figure out a decomposition like 𝑥 = �̅� + 𝑥′, but this may not be Reynolds’. In 
particular: might we relax the condition 3𝑥′ = 0? I leave this question as a provocation, and a final gift.

References and final comments
Nothing I said here is original: it’s rooted (and spread) in literature. Here are two classical references I would recommend:
U. Frisch, Turbulence: The legacy of A. N. Kolmogorov, Cambridge University Press, 1996
R. Sozzi, T. Georgiadis, M. Valentini: Introduzione alla turbolenza atmosferica: Concetti, stime, misure, Pitagora Editrice, 2002

You may also find a very concrete application of Reynolds decomposition in poster PO-55, Gli anemometri ultrasonici del Servizio
Meteorologico Regionale della Lombardia.

If you desire contacting me, you can at patti.Favaron@gmail.com.      - Thank you, and, sorry so sloppy!
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